Foundations of Classical Electrodynamics
Prof. Samudra Roy
Department of Physics
Indian Institute of Technology - Kharagpur

Lecture - 20
Tutorial (Contd.,)
So, welcome students to the foundation of classical electrodynamics course. So, today we have
lecture number 20. So, in the last class we discuss about few problems. So, today also we will
be going to continue with certain problems. So, the tutorial will continue here in this class as
well.
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Today we have class number 20 and we are discussing tutorial, so, this is tutorial and this is
continued whatever we started, so, few more problems we are going to discuss. So, 3 problems

we discussed last class. So, let us do more so, today we will start with problem number 4 and

the problem number 4 is this let A = yi vector field is given yi + zj + xk a vector field is given
in this way.

Now, the question is find the flux of vector field A through the surface y = 1 and for x 1 to 0

and z 2 to 0. So, this is the surface for which we need to calculate the flux, flux is nothing but

we need to do the surface integral here for this 4 vector field, but before that we need to first
find out the surface through which we need to calculate this surface integral. So, this is my
coordinate system so, this is my x, this is y and this is z.



So, the surface is such that y is constant so, it is parallel to xz plane and also the value of z is
goes to 0 to 2. So, | can first draw that, so, X is 0 to 1 from here to here. So, | can have 0 to 1,
but z is 0 to 2 like this. So, this is the surface we are talking about. So, this point is obviously,
1, this point is the coordinate of this point is 0, 1 coordinate of point is 1, 1 and coordinate of

this point here itis 1, 2, 3 dimension | mean | need to prove the 3 dimension also.

So, itis O here so, this is 1, 1, O here make it correct it is 1, 1, O here and this coordinate is X is
how much? x is 0, y is 1 and z is 2. So this is the surface also we have this coordinate but
anyway, so this is the surface through which I need to calculate the flux of this vector field.
(Refer Slide Time: 05:12)
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By the way what is flux? The flux do is 4 dot this elementary area. So, here what kind of area

-
\

we are having? ds here is how much dx dz in the direction of j because this is the direction of
the surface, which is j unit vector. So, that quantity | can calculate and A we know this is yi +

Zj + xk dot. So, this is precisely this is the 4 value | wrote here and ds here is dx and dz with

the unit vector j.

So, from here you can see that i « j will vanish j « j will stay k « j will vanish. So, eventually |
have z dx dy this is the amount of flux tiny amount of flux de.
(Refer Slide Time: 07:03)
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Now, | need to calculate the total flux if | calculate the total flux ¢, which should be the
integration of de. And if I do the integration here, so, there is a z so, sorry this is not dx dy this
is | am making a mistake here. So, this is dz so, | can have this integration, | can have 0 to 2

and then z dz and this integration dx X is changing from 0 to 1 and we are done. So, this value

if 1 integrate it is ?With the limit O to 2 multiplied by x with the limit O to 1.

So, it is simply % x1 so, the value is 2. So, the amount of total flux for this given vector field

for the surface is this 1. So, eventually we just calculate the surface integral here this this was
our problem 4. Let us now continue with more typical problem. So, let us take a little bit lengthy
problem.

(Refer Slide Time: 08:44)
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So, the problem is this, so, this is problem number 5 and the problem number 5 is like that
determine the flux of a vector field D, but this vector field is given in a different coordinate

system note it p? cos? ¢ p + z sin @ @ over the closed surface of the cylinder. And the cylinder

is defined in this way z is changing from O to 1 and p = 4 that is the thing that is part 1 problem.

The second part of the problem is saying that verify that is interesting verify the divergence
theorem for this case that part is interesting because we need to verify everything.
(Refer Slide Time: 11:15)
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So, first do we want to find out what kind of surface it is? So, as usual | have a coordinate
system here and this is a cylindrical coordinate so, and the cylinder and the closed surface is a
cylinder with this so, | can just draw it and it should be something like this. So, this is the
cylinder where this height it is z it is unit and the p whatever the p is saying this is 4 and this is
the height, which is z roughly this is the cylinder and this is a closed surface and we need to
calculate first the flux of the closed surface.

So, how many surfaces are there first we need to calculate. So, first so, what I need to calculate
the closed surface integral that is the flux. So, my calculation is this | need to calculate D + d3
| need to calculate this with the closed surface integral. So, this quantity know that it is with
combining 3 surface one is this one upper one and lower one. So, | need to divide these 3,
surface the total surface can be divided into 3 parts si, Sz, Ss.

(Refer Slide Time: 13:14)
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Now, for surface s1 | can have the surface element ds1 = p do dp 2 upper surface, for lower

surface that is for s2. So, let me write it otherwise you may so, my s is this one, my sz is this 2
and this is my ss this entire surface. So, next for sz | have ds2, which is equal to minus of

because there is a lower surface p do dp Z and finally, for s3 we have dssz and that is p do dz p.

These are the 3 surface elements of the cylinder you should go back and check the surface
element. And now, | am going to execute the entire integral for the surface.
(Refer Slide Timg: 15:10)
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So, my total closed integral will be equivalent to this surface 1 and then field and the field is

(p? cos? @ p + z sin ¢ @) * ds surface, which is p do dp 2 that is surface. What is surface 2?
plus surface 2 same quantity here p? cos? ¢ p the vector field, which is given here | am just

writing that z sorry not cos sin, z sin ¢ ¢ dot.



There is a negative sign mind it p de dp 2 and finally, the third one (p? cos? ¢ p + z sin ¢ @) *
p do dz p. Now, it looks very clumsy and very big but you can see that here Z should be dot
with p and ¢ so, these elements will be 0, and simply I can write this as 0. z will be dot with p
z will be dot with ¢ 0 so, the contribution that we have here p, p and p o.

(Refer Slide Time: 17:41)
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So, the contribution what we have here is p® integration of so, this contribution this and this
contribution will be there. So, p is constant here so, | can put it outside then we have dz so, |
just put dz, which is having limit 0 to 1 and then integration cos? ¢ d¢, which has a limit 0 to

2m. So, if | execute that it simply gives me the closed line integral, closed surface integral

simply gives me p3 x 1 x % x 2m if we execute that you will get this.

So, this quantity p is 4, so, it should be 4% and , so, it should be 64 so, that is the result of
the problem 1 now, the next part of the problem is saying that please verify the divergence
theorem so, you need to verify it. So, what is divergence theorem? Let me write it first.
(Refer Slide Time: 19:19)



[T
o 4 o e G
7] A0 tResHa]

o /Tommun’ op[+eNNERREDEE0C N mew s
N Y WA T |

ann

- e
0 0 3
T B 64T
( (03’ \'x_[‘ 21T = 1 ke
) X
( 25 3 é,z.d
) _— Tt

So, divergence theorem is if | have divergence of a vector quantity over a volume that should
be equivalent to the close surface integral of the surface that is enclosing the volume. So, please
check it that we have already figure out this part this is 64m that is a thing precisely we are
calculating so far the closed surface integral the flux of so, now if I calculate this quantity over
the given volume and this value if 64 if it comes like this, then we are done.

(Refer Slide Tirqgj 20:07)
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So, first we need to calculate this quantity divergence of the given vector field D whatever the

vector field is given that. So, it is in cylindrical coordinate system, so, you should be careful
enough so, that quantity is % ;—p and then p p? cos? ¢, which is the first component plus %% and

then z sin ¢ and the ¢ component is not there.



So, you can see that this is there is no z component, so, | should not have the z derivative here.

Now, if you execute it, it should be simply% you are making partial derivative with respect to

p here so, p® so, you have 3 p? and then you have cos? ¢ what about this one? % is already there

we have z and partial derivative with respect to ¢, so, you have cos ¢.

So, eventually this is cos ¢. So, eventually you have 3p and then cos? ¢ + % and then cos ¢ so,

after that so, this is the value so, dv so, this calculate you calculate, but you need to calculate
this quantity owver dv. So, first you so, this | calculate here.
(Refer Slide Time: 22:24)
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So, dv we need to calculate and this is a volume element in cylindrical coordinate system and
it should be p dp do dz this is the volume element. So, now, | calculate the total volume integral

that means, | calculate integration volume and then this quantity that we derive which is 3 write

it nicely so, | should have 3p and then cos? ¢ and + % and then cos ¢ and then p dp do dz this

is the integral and now, this integral 1 need to calculate.

So, if I now gather everything so, 3 then the p part so, this is p? dp with the limit O to 4 then we
have integration of 0 to 1 then dz then we have integration 0 to 27t cos? ¢ that is the first part,

what is the second part? Second part is 0 to 4 and then p dp and then z dz in the limit is O to 1
3
and then O to 2 we have cos ¢ de we are almost there. So we have 3 p? 0 to 4 multiplied by

z 0 to 1 multiplied by 1; x 2w and plus here, if you look carefully that you will see this is cos

function.



And | am integrating 0, 2. So, it should give me 0 so, it is simply 0. So, what is this value if |
calculate, so, this is 3, 3, will cancel out. So, we have 43 plus sorry not plus multiplication. So,

multiplication by 1 and multiplication by m, so, which is nothing but 64m. So, this is the same

result we get earlier. So, this value | calculate 647, which is equal to this quantity D « d3 so

which proves which basically establish the divergence theorem.

So, we can prove we can show that the divergence theorem is correct we verify the divergence
theorem here. So, whatever the time we have let us quickly do the last problem.
(Refer Slide Tlme 26:42)
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Problem 6 and problem 6 saying that consider a vector A vector function rather is x j - v i, this
is the vector function. So, the problem is check Stokes theorem around the circle in xy plane
having radius a. So, we need to you know verify the Stokes theorem for this vector field. So, if

I now draw this surface first and then Stokes theorem means | need to do the close line integral.

So, it is a circle like this with radius a and if 1 now plot the vector function here then vector
function if I plot it should be like this then it is a rotating kind of thing. So, here this is rotating
the vector field is rotating like this and we need to calculate the Stokes theorem. So, let us first
find out that in order to calculate.

(Refer Slide Time: 29:21)
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So, what is the Stokes theorem let me write, so, 4 + ds over surface integral should be the
closed line integral sorry (V x A) « ds | am making mistake here. So, the [(V x A) ¢ d§ =
$A o dl. So, first what is dI? Let us find out so dI is over this line. So, dI should be a d6 is

constant d® and the @ because it is over this line. So, these things is nothing but a do in terms

of i, j, k because my vector field is given in you know this Cartesian coordinate system.

So, | need to make a transformation how to write 6 in terms of unit vector in terms of i, j, k we
did it earlier. So, it should be i sin 6 + j cos 6. So, now, 4 is Xj — i, which is a cos 0 j - a sin 0
i. Now 4 « dl if I calculate now, | write 4 in terms of 6 and also this vector | can just make in

Cartesian coordinate So, 4 » dI is a d and then this dot this if you calculate the this quantity
dot this quantity.

So, the j « j will be a cos? 6 and then | have plus a sin? 0, which gives me something like a2 do.
Now, if | make it close line integral of this quantity A « dl it should be a2 and close line integral,
which is dO ranging from 0 to 27z. So, my result should be simply 27t a2 so, that is the value |
am getting here when we calculate the line integral close line integral of this given sphere given
circle.

(Refer Slide Time: 32:42)
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Now, the next part is | need to calculate V. x A, V x 4 isij k and then the dx, dy, 9, then A«
Ay Az and if | do the calculation because Ax Ay Az what is Ax here? If I go back so, Ax is -y so,
this value is —y. What is Ay? Ay is X, so, this is x and this is 0. So, this value if | calculate i

component this is 0 and this is 0, j component, this is 0 and this is 0, k component we have 1.

So, 1 and this is 1 so, we have 2k this is the value one can get. So, now you calculate the surface

integral of this, quantity dot ds. Now, what is ds here? ds it is ds in the direction of k. So, that

means | am having integration of 2Kk + ds k. So here we have 2k  k 1 integration of ds. Now,
ds is a total surface, and if I am having a circle of radius a, then the total surface simply gives
me 2 x 1t a2 this is the area of the surface. Now, you can see this is the same value | am getting
here and we are getting the same value here.

(Refer Slide Tirrllg: 35:11)
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So, that means, | can write that the 952 o dl for this given circle is equal to [ (Vx A) o ds
that we calculate over the surface integral they are same both the cases the value is 2 a? for
this given problem. So, this is the verification of the Stokes theorem. So, we find that the Stokes
theorem is valid here. So today we do not have much time. So, with this note, | will conclude
here. And thank you for your attention and see you in the next class. So, where we start our

module 2, thank you very much and see you in the next class.



