Foundation of Classical Electrodynamics
Prof. Samudra Roy
Department of Physics
Indian Institute of Technology — Kharagpur

Lecture - 24
Charge Distribution Problem, Gauss’s Law
So, welcome students to the foundation of classical electrodynamics course under module 2,
we today are going to understand the few problems regarding the different kind of charges
distribution and then we will introduce the Gauss’s law.
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So, we have class number 24. So, let us directly start because last day we discuss about the

charge distribution how electric field can be calculated from different charge distributions. So,
let us take an example 1 how to execute this in a problem. So, a very standard example and the
problem is if | have an infinite wire and then this is an infinite charged wire. So, for infinite
charged wire, suppose | put my origin here and along this direction is my z direction and
suppose it is placed over x direction.

So, this is my x coordinate and this is the way it is distributed over x axis and it is extended
infinitely. The problem is what should be at any point say over here at any point d over z axis
what should be the electric field because of the presence of this wire, which is infinitely
extended and charged particles. | mean it is a charged wire. So, in order to execute this problem
first let us because this is infinite wire so, the contribution of each and every point should come

here all that all the points.



And then there should be vector summation and we will see that due to the symmetry these
components will cancel out only along the z component will have the nonzero values. So, let
us take a small segment here we call it dx and from here to here this is x distance say and now
for dx segment let us try to find out what should be the field for this dx segment at this point.
So, suppose this distance is i according to our notation, we always put this 1 when we want to

find the value.

When we define the distance from this source point to this field point. And let us consider that
this is making an angle with this point this is making an angle say 0. So, the electric field of dx
section will be along this direction if you divide this electric field into 2 parts along this and
this by symmetry you can see that and this side also we have a dx here and this portion will
cancel out. So, whatever we have is only z value the z direction. So, this is roughly the geometry
if this is 0, then this has to be 0 as well and this length is d from here to here, this is O origin,
this field point is d.
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So, straight way we calculate the z component for this dE z component. So, the z component

1

if 1 calculate, it should be ” and then the charge distribution over line is A and for dx it is dx.

TEg

So, A dx is the amount of charge we are having here which is dq, instead of writing dg | straight
way write A dx. Now what is the distance? Distance is i directly I write ;1 in terms of the given
X plus say d? that should be the value of n? this .

So, this 11 is equivalent to (x2 + d2)1/2, So and then the cos component no not the cos component

because this angle is 0. So, then the sin component different way you can do this problem in



different way. So, now this thing is ﬁ A dx, let us put in terms of 1, because it seems it should
0

be easier if I execute in terms of 6 by taking the range now, the cos 6. So now, the next thing
is to find out 0 in terms of i that is all.

So, cos O it is simply% according to this geometric because this is 0 if | want to find a cos 0 it
should be f and sin 0 is % that makes tan 0 = % these are the information we are having right
now. Now, if I make a derivative of this quantity, so, | know that sec? 6 d6 = —:—2 and then we

have dx, which is —%I know in terms of so this is — . 2 dx.

052 0 12

So, dx in terms of 0 if | execute, it should be simply - n? cos square, this become % and do,

d
sin?6

which is in terms of sin 0, if I just eliminate this i IS — d6. So | just write dx in terms of

sin @ and I am going to put it an 12 | can write in terms of sin O as well. So, everything is now
in place.
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So, | simply write dE; is simply ﬁ ;—2 because | am writing this 1% in terms of sin and d. So,
0
2
% should be Siizg so | should have one sin 6 here sin 6 that is the component d to z and let us

put the sin 0 and later | put sin 6 and dx is — S,L and then d6 and the z component | will have

in%6

a sin 0 already | am talking about this sin 6, which is already there.



So, these sin 0 and sin? © will sin? 0 sin? O will cancel out. So, that basically leads me to —4’1 :

€o
one d seems to be cancelling out here as well. So, you should have a d here sitting and then
simply have sin 6 df. So, this is for the segment dx. Now, if |1 want to find out the entire field

then | need to integrate it and this integration, so, for entire field E; should be integration of

dE; and that value is simply the integration of that quantity A

4TEqd

And the integration of sin 6 do now, you have to be careful enough to put the limit here, because
now, | am taking all the infinite length so, there should be limit of the 6 and if I go from if |

now move this dx from here to the infinite distance here to some infinite distance from this
point to some infinite distance then the 6 will vary from g to 0. So, | should g to O this is a

variation of the 6 we should have when | extend all the length, not only that this is for one

direction this is for in this direction from here to here.

If 1 go from this side also then by symmetry | can just simply multiply it to that is for other side
by symmetry | can do that.
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So, now if | execute this stuff, 1 should simply have % it should be the minus sign is there
0

so, you should find it I should have a cos 6 with a negative sign after integration and if I absorb

this minus sign by the way | can go from 0 to g and that eventually gives me because cos g [

27
4meqd

0 then it should be like

that is all multiplied by 1.



So, this quantity is simply ﬁ into 2\ this is a constant value we are getting when you are
0

getting a constant value when you are having a fixed d. Now, if we increase the value of the d
that is if you go more and more over the z axis there should be a decay and it only depends on
the charge density A. So, this is the value of the electric field for infinite distribution of the
charge over line. Now, with the same note | can go forward for another problem I will say
example.

(Refer Slide Time: 13:50)
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So, in this example, what we take is the surface charge for infinite surface so, surface infinite
we should have an infinite surface charge density o so, what is the problem so, I am having so,
let us first draw my coordinate system here and | need to draw in a different way because this
is surface. So, maybe it could not be easier this is x say this is y and this is z suppose the surface
is in this plane so, the surface is in Xy plane and it is charged the surface is charged with a

surface charge density o. The question is over a height h from here to here over a height h.

If I want to find out the electric field what should be the value of that electric field, very
standard problem later we will be going to solve this with much ease using exploiting the
Gauss’s law that maybe today | am going to introduce, but let us first do that in a standard way,
standard way means in just doing everything rigorously exploiting the Coulomb’s law. So, let

us have a point here small section like this small surface like this.

And from here to the surface this point say 7 and from here to here on this coordinate this
length is say p so, this is a p vector and this is say ¢. So, | am using a cylindrical kind of system

because | can change my ¢ and p together to find out the value here because this is a surface.
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So, the surface element now, we know the surface element ds the surface element which is p

dp and then deg this is the surface element | can have. What is Ji here by the way 71? Ji is h
because this is h. So, h with Z - p with p because this is p this is from here this is h the length
so, | can find out 7 in this way. So, what is 12 then? n? is simply h? + p? just make a dot product
and you will be going to get the result.

Now, what is dE' here? dE that is o ds due to ds if | want to find divided by usual 47re, that is

there this is dq o ds is my dg and for dq | am getting this and then %that is my dE.
(Refer Slide Tlme 18:46)
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Now, if I put everything so, it is ——— and then p surface element if I write p dp dg looks good
0

that 2 dﬂp 2% in terms of hand p it is (2 + p2)%2 that we have and & is hz — pp. So, now if I try



to find out the total electric field E it should be integration of dE again it should be the z

component.

Because by symmetry you can see that all the components that we have should vanish all the

component that is parallel to this xy plane should vanish and only we have this z component

that sustain. So, it is Z along this direction | want to find out then let us write this value. So,

this p component | can eliminate only thing that 1 have in my hand is h and then o then there

should be an Z direction and then | have 4rme,.

Then I integrate it over p because now p and ¢ are going to change so, by integration p goes to

0 to infinity and ¢ goes to 0 to 27t | am having this problem O to 2. So, then I have p then dp

"9 and then 2 and then ¢

4T €

then de whole divided by this quantity say (p? + h?)32. Now, | have

integration | can do because this is not a function of ¢. So, you have 2w outside and the rest of

the integration is only over p.

p should be 0 to infinity with this value, so, here we are having p dp so I can have one % here

. d p?
to write it is as %
p

T just manipulate it here by just writing d p?. So, now, my integration
+

is easier, | can simply have 4% and then this % I should have g the unit direction should be z 1
0

should keep it and then I should simply integrate % if I now d p so, this is | can just write this

asd p?+h2=x

Then | simply have the integration like minus of this is % so, | can have like W this is
(PR

2. So, -3 by 2 + 1 divided by - 3 by 2 + 1 so that is why —% here and this quantity and now, the

limit is 0 to infinity.
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And with this limit we simply have ;T—Z g is here Z is here when | put infinity, so, this quantity
0

will no longer be there and when we put O then minus sign will go to absorb and we simply

have 2 here and then divided by h. So, these 2 2 will cancel out, this = will cancel out, h seems

to be cancel out which is interesting, because it does not depend on h any more. So, that is a

very significant so, simply we have o so, these g is here so, | am having a 2 here 2 so, this 2

will cancel out, so ¢ so I should have 2.

So, previously | should have 2m here and then | have a % outside so, this % | take, but this 2 |
forgot to cancel. So, there is another 2 sitting here so, that | forgot to cancel. So, please note it,

it was 2 h o 4m €, Z 2 and this % is coming out and the rest of the thing | invented % So, this

% is coming up then | should have another 2 sitting here. So, we should have simply ¢ divided

by these 2 and 4 should be 2.

We should have e and that is all Z this is a very important result the electric field that for infinite
extended surface. The interesting thing is that it is not depending on h. So, | started the
calculation that what should be the field at each point and finally, |1 find that for infinitely

extended sheet of charge, a charge sheet the electric field is a constant it is Zi 2. So, after that

€o
maybe we can naturally it is natural that we can extend the problem for.
(Refer Slide Time: 27:13)
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So, example 3 it‘iémrﬂiéﬁural that e én e problem for a sherial suface spherical not
spherical surface, a sphere charged sphere and try to find out over say some z point. So, this is
my z at some point what should be the electric field due to a volume charge element sitting
inside this sphere. So, this is a natural extension of all this problem | started with the you know
line charge density then | have the volume charge density and now, | can have an extension of

this.

But if you want to do this problem in a rigorous way, by using whatever the rule we are having
whatever the law we are having which is Coulomb’s law it will be very extensive problem you
can do that 1 mean in principle you can do that by taking the proper integration and you will
get the result, but you can do this problem with much easier way if you know the Gauss’s law.
So, that is the thing today I like to introduce | am not going to do this problem, because it will

be very lengthy problem.

If I want to calculate in a standard way the way we did for other 2 problems. On the other hand,
if I use the Gauss’s law for this problem, it will be very simple. So, let us now mtroduce the
Gauss’s law today.

(Refer Slide Time: 29:02)
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So, the next thing the problem I am not going to do here as | mentioned, because this is a very
lengthy problem and more sophisticated way and more simple way to do this problem by using
this Gauss’s law. So, I will just start Gauss’s law maybe we will continue this in the next class

as well. So, Gauss’s law is saying, before Gauss’s law let us try to understand what is flux?

Already we exposed with this term flux. So, the flux is d®e and that is E « ds, so, that is flux.

So, for a single charge, E electric field we know this electric field for a single charge is simply

q
4TTE

say sitting in the origin it is and then =

(Refer Slide Time: 30:25)

e B e e Tock Oten e

BBEaB0sthesMAQAQRRD
Fo/Toawsicaf o naNRECERBC0N mvm g
Fluy 9% = -
-%%\l g' ’q"“ i’ "
9] v = 4TE, e i
/ -
§ iy
<N
‘u "2
'
B ——

Now, if | want to find out the flux here for 'this, so, | should have a surface like this. So, this is
the surface and | am having a point here sitting g. So, the electric field is going here and should
cut the surface like this and this is my direction on the electric field. But also the surface should



have a direction here and the direction is say 7 and ds surface whatever the surface we are

taking here the surface element is simply ds 7.
(Refer Slide Time: 31:10)
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So, for a spherical surface, if |1 have a spherical surface my ds should be r? then sin 6 then do
do with 7 this is the surface element first sphere now # should be equivalent to #, since |1 am
taking a sphere where the charge is sitting at the center point here. So, whatever the # we have

that should be equivalent to the direction of the surface.

So, the total flux if I want to call calculate for the single charge sitting inside the sphere it
should be integration of d®e and that quantity is nothing but the $ E o ds.
(Refer Slide Time: 32:26)
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Now, E « d3 | can calculate and by putting the value because for a single charge | know all the

- . . . E . .
all the values, so, this is ﬁ | just write my value of = and then the surface element is r? sin
0



0 do do that is all then # this is a dot product here. So, this quantity simply i I can take it
0

outside the integral and then d¢ will be integrated from 0 to 27 and r? here you can see this r2

will be going to cancel out there will be no function ofr.

And | should have sin & whose limit for close circle is 0 to m and then df. So, this quantity
q

TE,

gives us 2m and this quantity gives us m. So, if | put this you should have e X 4, which is

€o
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So, that means if | want to find out this § E' « d3 then that value is = but this g mind it is inside
0

this surface in this volume element the surface is enclosing so inside this surface you are having
g so | should write here something called Qenclosed the surface is enclosing the charge g. So, that
is one of the statement of Gauss’s law and we will discuss more about, today | do not have that
much of time. So next class we will discuss more about the Gauss's law and try to find out the
more interesting result. With that note | like to conclude here thank you for your attention and

see you in the next class.



