Foundation of Classical Electrodynamics
Prof. Samudra Roy
Department of Physics
Indian Institute of Technology — Kharagpur

Lecture - 46
Electrostatic Boundary Value Problem (Contd.,)

Hello students to the foundation of classical electrodynamics course. So, under module 2, we

are today having lecture 46 and we would like to continue the electrostatic boundary value

problem that we started in the last class.
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We have class number 46. So, now we are dealing with this set 2 dimensional Laplace equation.

So, today we will solve the 2 dimensional Laplace equation for spherical coordinates. So, for

spherical coordinates the Laplace equation is simply r, 6, ¢ and then it will operate over some

potential ¢ equals to O that is the form.
(Refer Slide Time: 01:50)
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and then i and

If 1 now explicitly write this operator it should be iz i and then r? @ +

. 5 a<12> = 0 that is the form we know. Now, this is a 2
sin“0 d¢

then sin 9 and finally +

dimensional problem. So, let us consider the azimuthal symmetry. So, this is for azimuthal
symmetry what we have that ¢ should be independent of a variable ¢. So, then this equation
whatever the equation will simply contain, so this term will no longer there so this derivative
will 0.

(Refer Slide Time: 03: 57)
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So, eventually we have let us write the equation. The differential equation that we have is %

] 1
because == WI|| cancel out. So, we have (r2 ‘1’ = % and then I should have sin 0 — and

that is equal to 0 that should be my differential equatlon. Now, again like the previous problem

that we did in the last class, my total potential ¢, which should be function of r, and 6 can be



written as a separation of variable like R function of r and Q function of 0. So, I just use the
separation of variable and if we put that in this equation.
(Refer Slide Time: 05:44)
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And then | after putting this in equation 1 one can simply have % ;—r and then r2 Z—’: because Q

is a function of 6. So, this | can take it outside and then I divide everything to % and then it

1
Qsinf

should be + and :—9 and sin 6 Z—g = 0. Now, this portion is simply function of R and this

portion is simple function of Q or simply function of 6.
(Refer Slide Time: 06:59)

D f e e [k g
BlEaS0:tmess{AQAARGT
G/TR=nagepfoomnnEREEENROL 0 e 5]

A (Tzé_’i) _ 2 (S«‘we %) = 4 (&)

® v AT

el [ei m M

I~ , - )
.. .. 1 R .

Then | can so, this is a standard procedure, so, | can write it as . and then r2 — that is equal

1

—— and then 2 then sin 0 ¢ this has to be some constant and this constant | write like
Qsin6 ae ae

to —




I(1 + 1) why | am writing this we will see later, because, if you write this constant that I(l + 1),

then we have a well-known differential equation in our hand whose solution is well-known.

So, then I can have from this | can have the equation say 1 equation 2a like ;—r (r? Z—f) =11+ 1)

R and equation 2b is ;—9 and then sin 6 and then Z—g that portion plus | can make a minus sign

here and then put it this side plus I(I + 1) and then sin 6 and then Q is equal to O these 2 equation
we have 1 equation is only as a function of R and another equation is only function of 6. So,
that is 1 mean technique we use for separation of variable problems.

(Refer Slide Time: 09:28)
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Now, the general solution of the 2a one can find the solution this is you can check it. The

general solution of equation 2a is this R as a function of r is equal to constant A r' + rﬁl. So,

one can check it quickly by just putting the solution R to the equation 2a and check that left-
hand side and right-hand side are matching or not just put these values here and check left-

hand side and right-hand side is matching or not and it has to match because this is a solution.

So, | give you students | give you this as a homework problem, please check that whether
whatever is written here in the blue colour the solution it is satisfying equation 2a or not. So,

what about 2b? So, | can rearrange these things slide by doing all these derivatives whatever is

2
there and 2b rearranging equation 2b what | get is this sin 6 and ZTS then + cos 6 % +1(1+ 1)
sin ® Q = 0 just to rearrange this term, | just make the derivative whatever the derivative we

are having here :—0 and then make it the derivative and | am going to get this.

(Refer Slide Time: 12:00)
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Now, let us take x = cos 0 then that leads to — mlnus of sin 0 and

will simply becomes and — |s sin 0. So, - sin 9

(Refer Slide T|me 12:57)
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So 2¢ is there so —Q is S|mply— and -sin 6 —= that is simply if I do this, so, it simply comes
out to be sin? 6 — - CO0S 6 why, because | am making a derivative here. So, the sin 6 become

do . .. . d
cos 0 so, -cos 0 ﬁ is one term and another case it is - sin O and T

and —. So, —

sin 0.

d . -d
4 again | can make this —
dx dx

I can replace here this value that -sin 6. So, -sin 6 multiplied by -sin 6 becomes



So, | put everything here in this equation and when | replace what | see is this it gives me like

sin3 0 and then -2 sin 6 cos 6 + I(1 + 1) and then sin 6 Q = 0. So, one sin 6 will be going

to cancel out. So, | have sin? 9 —-2C0s 6 then —= and then +I(I + 1) then Q =0.

(Refer Slide Tlme 15: 58)
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Now, if I put you know this cos 6 aIready, SO as X = cos 0, so, that we a]ready took here so, if |

just replace here in terms of x, it simply becomes a very interesting equation, which is (1 — x?)

@ f 2x 29 + (I + 1) and then Q = 0. Now, this equation is not new, we already discussed this
dx

equatlon, because this is the differential equation whose solutions are given as a Legendre

polynomial and these things we discuss when we are discussing the multipole expansion.

(Refer Slide Time: 17:06)
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So, the general solutlon is them known to us and it is Qi is equal to the Legendre polynomial

of x or I should say P of cos 6 this is the Legendre polynomial.



(Refer Slide Time: 17:51)

Do (4 b kerd Tob Gdn bk

BUERSQ teewHARARAT
[To To=nasctfoonEumanuunnC B mww s
sz“\” by N =

—mwﬁcgw Sof L
%

t Be
3 (%0 :Z (AP« - > P (ese)

l=zo

£ et O m M9 Yve 0 s ® 1 ek o g o ]

So, the most general solution then becomes simply ¢, which is a function of r and 6 because,

both the solutions is now in our hand. So, it should be summation over | tends to O to infinity

A 1! the solution we already figured out 2L we check it multiplied by the Legendre polynomial

T'l+1
that is the solution for Q so, P cos 6. So, this is the way the potential is going to vary for 2

dimensional case when the system is having you know the spherical symmetry.
(Refer Slide Time: 19:04)
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So, let us do 1 example say so, example and the potential so, the example is the potential o,
which is a function of 6 is specified on the surface of a hollow sphere of radius R. So, over a
hollow sphere of radius R the potential is defined. Find the potential inside the sphere. So, that
is my sphere say this is a hollow sphere. So, | can say this is like a shell in some coordinate

system and this is with radius R and the potential here is defined as ¢o and that is a function of
0.



So, when you move the 0, there is a ¢ symmetry, but if you move that should be a function of
0. Now, the question is given at the you know on the surface what should be the potential inside
that means in this region when r is less than R than what should be the potential. Now, let us
write the general solution because the general potential for this system is already derived. And
that is this.

This is the general form of the potential for any spherically symmetric system. And this solution
I will be going to use directly and not going to | mean that is why we did it so, the solution if |
directly use here for this problem.

(Refer Slide Timg; 22:48)
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So, the general solution ¢ let me write it ¢ function of r and 0 that is summation over 1 Aj r' +

2! multiplied by the Legendre polynomials this. Now, you can see that when r tends to O

Tl+1

inside, then what happens these terminal will be going to blow up. So, that means, that is non

physical to do you know when the potential is blowing up at r tends to O.

So, that eventually tells us that Bi = O why if it is not O, then at this quantity tends to infinity
for r tends to O, which is not acceptable. So, that is why from the very beginning | can say that
Bi has to be 0.

(Refer Slide Time: 24:05)
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So, then what should be the form of the potential? The form of the potential now, simply ¢ is
equal to sum over | A r' and the Legendre polynomial Pi cos 6 this is the solution also another
boundary condition that is given and this boundary condition is saying that over the surface
that when R=R and 0 is there, that value is 6 ¢o, which is a function of 6 something like that.
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e that the summation | Aj R' I just need to put R because it is at R = R Py cos

So, | can write hr
0 is simply ¢o function of 6 that is the condition. Now we need to find out what is the value of
A and if you remember the previous day we had a problem were we use the Fourier trick, a
similar kind of trick we will be going to use, because, we have again a very nice relationship

with all this Legendre polynomials because they are forming the complete set in function space.

So, in function space they are forming the complete set. So, that is why they are having a

relationship so, that we will be going to exploit. So, the Legendre polynomials now consists of



have a complete set of function in the interval -1 x 1 that basically because this is for x that is
| am talking about P (X) now, if X is cos 6 here so that gives me that it should be 0 6 and =
because when it is cos 6 is -1 then so when O thenit is 1 and when r this is -1 so it goes like
this and this limit is like this.

(Refer Slide Time: 27:52)
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So, | should have for orthogonal set so for Legendre polynomial for orthogonal set so, if I
integrate -1 to 1, 1 is Legendre polynomial with x and another with x” dx, which in terms of

cos 0 it is Py (cos 0) and Py (cos 0) sin 6 d6 because x is cos 0, so, dx will be sin 6 do then that
value is ﬁ again it should be i like in the previous problem this is the case.

(Refer Slide Time: 29:18)
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So, we have some over A then R! Py (cos 0) = ¢o the function of 6 so, now we are going to use
this trick because we know that it is related to delta function. So, we will go to use this trick

and it will be like this. So, sum over Ai, which is already there, this is over |, and then R!, I can



put it outside because it has nothing to do with cos 6 and then I am going to integrate O to say

.

And then Py and then cos 0 then I multiplied this Py (cos 0) to Py (cos 0), which is already there
and then sin 6 will be there sin 6 d6 and in the right-hand side, whatever the function we are
having, because | do not know function of 6, which is given which has to be supplied to find
explicit form it should be Pi- (cos 6) and then sin 6 df. So, this quantity is forming a complete
set, which we discuss this quantity is forming a complete set so, | just mentioned here.
(Refer Slide Time: 31:39)
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So, that thing I am going to use, so, it will be | Ai R! and this part 212? and then delta function

| I’ that is again equal to integration of 0 to m and whatever is there, | just simply write ¢o (0)
and it is Pi- (cos 0) sin 6 d6. So this is related to the delta function. So, what I do that | just after

integration, we can remove this delta function and I just writt Ar R when | = I’ then that is
meaningful.
And | have —— and that side, | have simply O to 7= because we cannot do anything right now,

2U'+1
because ¢o (0) is not given this is a functional form. So, it will remain like this.
(Refer Slide Time: 33:24)
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So, | can simply have so now I can replace because this is the dummy index so, I can replace |

am just replacing I’ to I. So, I can have A as % integration of 0 to m and then ¢o functional

form, which is still unknown Py (cos 0) and then sin 6 d6. Now, as | mentioned that this is not

given, but now | am saying if ¢o is given, then | can execute the value of Ao suppose ¢o (0) is

given and this value is say k sin? (g).

So, that is the value of the potential you know over these surface and it is a function of 6. So,
if you change the value of the 6 the potential will change. So, from here you can see that when
0 is 0 the potential is 0, but when 6 is say m, the potential is k and so on. So, there is a variation
of the potential of the surface then what is my ¢?

(Refer Slide Time: 35:09)
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The general solution is there so, (R, 0) that is I, which goes to O to infinity then Ai R' P (cos

0) that value is now, we know that this was before 6 0 6 but now | put the explicit form. So,
this is k sin? (g) now, it is very interesting treatment because this is a function of 6 at right-

hand side and left-hand side also | have a polynomial. So, | know the explicit form of this

polynomial, so if | have this polynomial in such a way that this sin? 0 is there.

So, the coefficient of that quantity should match from the both the side and I can explain we
can find out the value of A let us do that. So, we know that Po (cos 6) = 1, P1 (cos 6) = cos 60
and so on. So, let us expand up to these 2 term because after that we have cos? 0 and so on.
(Refer Slide Time: 37:02)
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So, let us expand ljp to this so, summation | = 0 to infinity, Ar R! Py (cos 0) that is when | have

| 0 so that term | write in the right-hand side it is you know sin? 0, so that | write in form of this
you know this Legendre polynomials, so this | write like S then Po (cos 0), which is 1 and then
—P1 (cos 0) so, if I bracket it. So, this is 1 and this value is cos 6.

So, that is (1 - cos 0) and so this value is equal to 2 sin? g sin? §+ cos? g - C0s? §+ sin? g + sin?
gso, it should be 2 sin? g. So, that quantity is this one so that is why half is here. So, the point

is |1 can write this right-hand side in the form of these Legendre polynomials. And here I must
say that any function because these Legendre polynomials are forming a complete set in

function space.



So, any function can be expanded in terms of these Legendre polynomials. So, here we have
sin? g so, | can suitably adjust my Legendre polynomial only I can use this first two Legendre
polynomial and | find that I can regenerate this function. So, now, if | tally from left-hand side

and right-hand side then I simply have Ao is g and A1 is —% because A1 R = —S. So, A1 has

to be —% and all the | greater equal to 2 has to be 0.

So, my potential what | get (r, 0) is simplyg then [Po (cos 0) - % P1 (cos 0)] = S simply (1 - %

cos 0) and that is my result here when all these parameters are given | can find it that this is my
result. Now, A can also be figured out directly because here in this formula | already write that
A can be written and after doing this tally | just find out what is my A: and what is my Az, A
0, 1 and then 2 etc. So, these | just expand the right-hand side in the term of Legendre
polynomial and then fine, but still we can find A, directly.

(Refer Slide Time: 42:102
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So, if I do that finding A directly so, what | have here is Al = % integration 0 to 7 and then
we have ¢o (0) and then Py (cos 6) and then sin 6 do this is what we had here. So, now ¢o (0) in
explicit form is given it is S (1 - cos 0). So it is k multiplied by sin? 0 so, that | write in this
form. So, my Ao is what then so my Ao when I put | = 0 then it should be half integration O to
7 and then S(l - c0s 0) and then this is I, Pois 1, so 1 and then sin 6 do.

(Refer Slide Time: 44:32)
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So, these integration if | execute so let us put this g outside so, we have S then integration O to

m, sin 6 and then -sin ® and cos 6 that over dO this is a very straightforward integration and |

can have g and then this integration is -cos 6 that we need to execute at 0 to 7 and then —% sin

so another % will be there it will be sin 20 and then it will be cos 20. So, it will be cos 20 with

the negative sign, so it should be plus and O to execute at this point.

So, this value when we execute 0 to these things and it simply gives us Ao as S and this is -cos

0, so when you put 7, it should be -1 and then -1 so, it should be - 2 + and then when put O then

landthen2 m 0 is i So, it is simply 2 so, | should have it is S Now is Ao if you look here

already we figure out with the expansion that it is Ao is g

(Refer Slide Time: 46:48)
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In the similar way, if you calculate A1, | am not going to do the full calculation, you just it
should be % and the integration is 0 to 7 and it isg (1 - cos 0) and then cos 6 sin 6 dO because
we have P1 (cos 0) = cos 0 that we put here. Now, if you execute this integral, then you will get
the same value like —%, which we derive here this. So, | am not going to do the entire

integration | have already shown that from this equation, whatever the equation you get, you
can directly find out A..

So, there are 2 way we calculate and show that how to calculate this constants Ao | calculate

and A1 again you can calculate by executing this integral this is not a very big deal to do this
integration. So, if you do this integration you will find the result like %. Today | would like to

conclude here because my time is limited. So, in the next class | will try to do few more
problems regarding the boundary value issue and another technique like image method that is

important, we will not be going to do very detailed.

But few problems | like to show that how works and these things. And then we will be going
to start maybe after next day’s class we will start our third module where we will start the

magnetostatic. So, thank you for your attention and see you in the next class.



