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SECTION A – (10 × 2 = 20 marks)
Answer any TEN questions
1. Define a vector space over a field F

2. Show that the vectors (1,1) and (-3,2)  in 
3. If V is finite-dimensional over F then prove that any two bases of V have the same number of elements.

4. If A and B are finite - dimensional subspaces of a vector space V, then prove that A+B is finite dimensional and dim(A+B) = dim(A) +dim(B)- dim(A[image: image1.png]NEB)



.
5. If a, b, c are real numbers such that a>0 and [image: image2.png]aA?+2bA+c=0



 for all real numbers [image: image3.png]


, then prove that [image: image4.png]b? < ac



.
6. If V is a finite-  dimensional inner product space and W is a subspace of V then prove that [image: image5.png]


.
7. If V is a finite - dimensional over F and if [image: image6.png]reA)



 is right invertible then prove that it is invertible.
8. Prove that the element [image: image7.png]AEF



 is a characteristic root of [image: image8.png]reA)



if and only if for some [image: image9.png]v 0



 in V, prove that  [image: image10.png]



9. If [image: image11.png]reA)



and if [image: image12.png]


 then prove that T can have at most n distinct characteristic roots in F.
10. Prove that any two finite-dimensional vector spaces over F of the same dimension are isomorphic.
11. Define a  matrix of a linear transformation [image: image13.png]reA)



.
12.  If  [image: image14.png]R3



 is  the inner product space over R  under the standard inner product, then find the norm of (3,0, 4).
SECTION B – (5 × 5 = 25 marks)
Answer any FIVE questions
13. If V is the internal direct sum of [image: image15.png]


then prove that V is isomorphic to the external direct sum of [image: image16.png]



14. Prove that L(S) is a subspace of V.
15. If V is finite-dimensional over F and if [image: image17.png]Uy, Uz, woe) Uy €V



 are linearly independent, then prove that we can find vectors [image: image18.png]


 in V such that [image: image19.png]Uy Uz, voes Upny Ut 15 Upn 25 oo Uty



 is a basis of V.
16. Prove that [image: image20.png]Wt



 is a subspace of V.
17. If V is a finite-dimensional over F then prove that for  [image: image21.png]S,TeA(V)



(i) [image: image22.png]r(s,T) = r(T).




(ii)  [image: image23.png]r(T,5) =r(T)



    (iii)   [image: image24.png]r(S,T) =r(T,5) =r(T)



 for  S regular in [image: image25.png]A(V)



.
18. If V is n-dimensional over F and if [image: image26.png]reA)



 has all its characteristic roots in F, then prove that T satisfies a polynomial of degree n over F.
19. In [image: image27.png]R?



 define for [image: image28.png]= (x1,%2)



 and [image: image29.png]=1, y2),




 [image: image30.png]<XY >= x5 — X201 — X1z + 2%,



Verify that this defines an inner product on [image: image31.png]RZ.



                                                                                      P.T.O.
SECTION C – (3 × 10 = 30 marks)
Answer any THREE questions
20.  (a) If [image: image32.png]vy, Vg,




 are in V then prove that either they are linearly independent or some [image: image33.png]Vi



is a linear combination of the preceeding ones,[image: image34.png]1
Vg, V2, ey Vie—s



.

(b) Show that the vectors [image: image35.png]e; = (1,

- 0), €2 =(0,1,0...0), ...e, = (0,1




 in [image: image36.png]


  are linearly independent over F and that they generate [image: image37.png]



21. If V is a finite-dimensional and W is a subspace of V, then prove that [image: image38.png]


 is isomorphic to [image: image39.png]'7/A(w)



and [image: image40.png]dimA(W) = dimV — dimW




22. If [image: image41.png]u,v EV



 then prove that [image: image42.png][, )] = llull vl



.

23. If [image: image43.png]A1y Az, A



  in F are distinct characteristic roots of [image: image44.png]TeAWV)



 and if [image: image45.png]vy, Vg,




 are characteristic roots of T belonging to [image: image46.png]A1y Az, A



 respectively, then prove that [image: image47.png]vy, Vg,




 are linearly independent over F.

24. If V is a n-dimensional over F and if [image: image48.png]TeAWV)



 has the matrix [image: image49.png]my(T)



 in the basis [image: image50.png]vy, Vg,




 and the matrix [image: image51.png]my(T)



 in the basis [image: image52.png]Wy, W2, . Wy,



 of V over F, then prove that there is an element C[image: image53.png]€EF,



 such that [image: image54.png]m,(T) = Cmy (T)C™2
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