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      Section A            

Answer any SIX questions       (6 x 5 =30) 

 
            

1. For any sequence of sets {Ei}, Prove that 𝑚∗(⋃ 𝐸𝑖
∞
𝑖=1 ) ≤ ∑ 𝑚∗(𝐸𝑖

∞
𝑖=1 ). 

 

2. State and prove Riemann Lebesgue lemma. 

     3.   Let 𝛼 be monotonically increasing  on [a, b]. Suppose 𝑓𝑛𝜖 𝑅(𝛼)𝑜𝑛 [a, b], for 

n=1,2,... and suppose 𝑓𝑛 → 𝑓 uniformly on [a, b]. Then prove that 𝑓𝜖 𝑅(𝛼) on [a, 

b] and ∫ 𝑓 𝑑𝛼 = lim𝑛→∞ ∫ 𝑓𝑛𝑑𝛼
𝑏

𝑎

𝑏

𝑎
. 

     4. Suppose f maps a convex open set E ⊂ Rn
 into R

m
, f is differentiable in E, and 

there is a real number M such that ∥ f ′(x) ∥≤ M for every x 𝜖 E. Then prove that 

           |f(b)-f(a)| ≤M |b-a| for all a,b ϵ E. 

     5. If x>0 and y>0, then show that ∫ tx−1(1 − t)y−1dt =
1

0

Γ(x)Γ(y)

Γ(x+y)
. 

     6. show that  if m
*
(E)=0 then E is measurable. 

     7. Show that ∫
𝑑𝑥

𝑥

∞

1
= ∞. 

     8. Let *ϕn+  be orthonormal on [a,b]. Let sn(x) = ∑ cmϕm
n
m=1 (x) be the n

th
 partial 

sum of the Fourier series of f, and suppose tn(x) = ∑ γmϕm(x).n
m=1  Then prove 

 ∫ |f − sn|2dx ≤ ∫ |f − tn|2b

a

b

a
dx and equality holds if and only if γm = cm             

 (m=1,...n). 
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 Section B  

Part A           

Answer any TWO questions       (2 x 10 =20)      

 

     9. Prove that the class M is a σ-algebra. 

   10. State and prove Stone-Weierstrass theorem. 

   11. State and prove Inverse function theorem. 

   12.   State and prove Implict function theorem. 

 

Part B  

Compulsory Question                  (1 x 10 = 10) 

 

  13. If  f  is a Riemann integrable and bounded over the finite interval [a, b], prove 

that f is integrable and  R ∫ f dx = ∫ f dx.
b

a

b

a
 

  


