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Section B

Answer any SIX questions (6 x 5 = 30 Marks)

1. Let f be a measurable function and B a Borel set. Prove that f~1 is a measurable
set.

2. Show that there exist uncountable sets of zero measure.

3. Show that if f is a non-negative measurable function, then f= 0 a.e. if, and only
if, f dx = 0.
dx

4. Prove that lz’m/ - =1
o (g

5. Suppose K is compact, (a){f,,} is a sequence of continuous functions on K (b){f,,}
converges pointwise to a continuous function f on K (c) f,(x) > ) f,+1 (x) for
allx K, n=1,23,...
then prove that f, to f uniformly on K.

6. Suppose f maps a convex open set E C R" into R™, f is differentiable in E, and
there is a real number M such that Hf’(x)H < M for every x € E, then prove
that |f (b) —f(a)| < M |b—a| for all ac E, and be E

7. Given a double sequence {a;;} ,i=1,2,3,..,j=1,2,3,.... Suppose that Z |ay;|=b;,
j=1

1 =1,2,3...and Zbi converges. Prove that i 2:1 aj;= i Zzl ay; -
i=1 j=1

8. f , for some x there are constants >0 and M<oo such that |f (x+t) —f(x)| <
M |t| for all t € (—6,0) then prove that lim, ., SN (f;;x) =f(x) .
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Section C

Part A
Answer any TWQO questions (2 x 10 = 20 Marks)
Prove that every interval is measurable.
State and Prove Fatou's Lemma.
State and Prove Stone-Weierstrass theorem.

If fis a positive function on 0,00 such that

(a) f(x+1) = x f(x) (b) f 1 (=1) (c) log f is convex ,
then prove that f(x) = I' (x).

Part B
Compulsory question (1 x 10 = 10 Marks)

Prove that the class M is a o-algebra.



