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Section A

Answer any SIX questions (6× 5 = 30 Marks)

1. Show that the elements in K which are algebraic over F form a subfield of K.

2. Define a splitting field and compute the splitting field of x3 – 1.

3. Define G(K,F) and compute G(Q( 3
√
2,Q) .

4. Show that the matrix

 1 1 1
−1 −1 −1
1 1 0

 is nilpotent and find its invariants.

5. If V = V1⊕ V2⊕...⊕Vk where each Vi is invariant under T and if pi(x) is
the minimal polynomial over F of Ti, the linear transformation induced by T on
Vi,then show that the minimal polynomial of T over F is the LCM of p1(x),p2(x),. . . ,pk(x).

6. Compute the Galois group of x3-2 over Q.

7. Define similarity between two linear transformations in A(V) and show that this
similarity relation in A(V) is an equivalence relation.

8. Prove that a polynomial of degree n over a field can have at most n roots in any
extension field.

Section B

Part A

Answer any TWO questions (2× 10 = 20 Marks)

9. Show that an element a∈K is algebraic over F if and only if F(a) is a finite
extension of F.

10. If F is of characteristic zero, and if a,b,are algebraic over F, then show that there
exists an element C∈F(a,b)such that F(a,b) = F(c).

11. Define nilpotent linear transformation. Also prove that the characteristic roots
of a nilpotent transformation are all zero.

12. Prove that every linear transformation T∈AF (V) satisfies its characteristic poly-
nomial. Also show that every characteristic roots of T is the root of pT (x).
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Part B

Compulsory question (1× 10 = 10 Marks)

13. Prove that the field K is a normal extension of F if and only if K is a splitting
field of some polynomial over F
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