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Section B
Answer any SIX questions (6× 5 = 30 Marks)

1. Let {Ei} be a sequence of measurable sets, then prove that
i) If E1 ⊆ E2 ⊆ ..., we have m(limEi) = limm(Ei).

ii) If E1 ⊇ E2 ⊇ ..., and m(Ei) < ∞ for each i,
then we have m(limEi) = limm(Ei).

2. State and prove Lebesque’s dominated convergence theorem.
3. State and prove Cauchy criterion for uniform convergence.
4. If X is a complete metric space and if ϕ is a contraction of X into X then prove

that there exist one and only one x ∈ X such that ϕ(x) = x.
5. Prove that the exponential function ex in R1

i. is continuous and differentiable for all x.
ii. lim

x→∞
xne−x = 0 for every n.

6. Let {ϕn} be orthonomal on [a,b] and if f(x) ∼
∞∑
n=1

cnϕn(x). Then prove that
∞∑
n=1

|cn|2 ≤ ∥f∥2 and lim
n→∞

cn = 0.

7. Let α be monotonically increasing on [a, b]. Suppose fn ∈ ℜ(α) on [a,b] for
n = 1,2,3,..... and fn → f uniformly on [a, b]. Then prove that f ∈ ℜ(α) on

[a,b] and
b∫

a

fdα = lim
n→∞

b∫
a

fndα.

8. a. Show that m ∗ (E) = 0, then E is measurable.

b. Show that
∞∫
1

dx

x
= ∞.
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Section C

I - Answer any TWO questions (2× 10 = 20 Marks)

9. Prove that Lebesque outer measure of an interval equals to its length.
10. State and prove Stone-Weierstrass theorem.
11. State and prove inverse function theorem.
12. Suppose f and g are Riemann -Integrable functions with period 2π and

f(x) ∼
∞∑
−α

cne
inx, g(x) ∼

∞∑
−α

γne
inx Then prove that

i. lim
N→∞

1

2π

π∫
−π

|f(x)− SN(f(x))|2dx = 0.

ii. 1

2π

π∫
−π

|f(x)|2dx =
∞∑
−∞

|cn|2.

II - Compulsory question (1× 10 = 10 Marks)

13. State and prove Fatou’s lemma.
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